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Ef� cient Computational Model for Inductive Plasma Flows

David Vanden Abeele¤ and Gérard Degrez†

von Kármán Institute for Fluid Dynamics, B-1640 St. Genesius-Rode, Belgium

A new approach to the numerical modeling of high-pressure inductive plasmas is presented. The governing mag-
netohydrodynamicequationsare discretized ina second-order accurate � nitevolumemanner. A pressure-stabilized
� ow� eld solver is introduced as an alternative to the staggered-mesh solvers used in traditional algorithms. It is
argued that the widely used integral boundary formulation for the electric � eld is computationally expensive and
cannot be incorporated into an ef� cient iterative solution procedure. A far-� eld formulation of the electric � eld
is adopted instead, such that state-of-the-art iterative methods can be applied to speed up the calculation. The
discretized equations are solved through a damped Picard method and an approximateand a full Newton method.
Ef� cient linear algebra methods are used to solve the linear systems arising from the iterative methods. An appro-
priate linearization of the (strongly positive) joule heating source term is found to be important for the convergence
at the linear level. The new model is tested on a 3-species argon and an 11-species air inductive plasmacomputation.
The proposed damped Picard iterative method is found to be very robust during the initial iterations, but does not
converge well thereafter. The approximateNewton method converges substantially better. Finally, the full Newton
method yields rapid quadratic convergence rates at the expense of an increase in storage. Taking into account both
speed of convergence and memory use, the approximate Newton method is considered to be optimal.

Nomenclature
CFL = damping parameter similar to the Courant

number
D{J} = block diagonal of the Jacobian/Picard matrix J
E = total electric-� eld amplitude (complex quantity),

V ¢ m ¡ 1; global vector containing electric-� eld
variables

E = total electric � eld (radio frequency), V ¢ m ¡ 1

EP = electric-�eld amplitude generated by plasma
(complex quantity), V ¢ m ¡ 1

EV = electric-�eld amplitude generated by inductor in
absence of plasma (complex quantity), V ¢ m ¡ 1

F r = radial component of Lorentz force per unit
volume, N ¢ m ¡ 3

F z = axial component of Lorentz force per unit
volume, N ¢ m ¡ 3

f = torch operating frequency, Hz
fm = discrete mass � ux in axial direction, kg ¢ m ¡ 2 ¢ s ¡ 1

h = internal enthalpy per unit mass, J ¢ kg ¡ 1

IC = current through outer inductor, A
JE = electric-�eld Jacobian matrix
JP = Picard matrix
JQ = total Jacobian matrix
JU = � ow� eld Jacobian matrix
ne = Number density of electrons, m ¡ 3

Pjoule = joule heating source term, W ¢ m ¡ 3

Prad = radiative loss term, W ¢ m ¡ 3

p = static pressure, N ¢ m ¡ 2

Q = total solution vector (� ow� eld plus electric � eld)
qz, r = conductive heat � uxes,W ¢ m ¡ 2

R = inner radius of quartz tube, m
Re D z = Reynolds number based on cell length in z

direction
RE = electric-�eld residual
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RQ = total residual
RU = � ow� eld residual
r = radial distance from torch axis, m
T = temperature, K
U = � ow� eld vector
u = (u, v, w ) = velocity (axial, radial, and azimuthal

components), m ¢ s ¡ 1

z = axial distance from torch inlet, m
b = estimated maximal velocity in the � ow� eld,

m ¢ s ¡ 1

d (r ¡ rC ) = Dirac d distribution; equals zero everywhere
except near the in� nitely thin inductor rings,
where it is singular

K = effective thermal conductivity,W ¢ m ¡ 1 ¢ K ¡ 1

l = dynamic viscosity, kg ¢ m ¡ 1 ¢ s ¡ 1

l 0 = vacuum magnetic permeability, kg ¢ m ¢ C ¡ 2

q = density, kg ¢ m ¡ 3

r = electrical conductivity, X ¡ 1 ¢ m ¡ 1

s = tensor of viscous stresses, N ¢ m ¡ 2

Subscripts

A = indicates an ambient quantity (e.g., outlet
pressure)

E = indicates an average value on a cell edge
E , U, Q = electric � eld/� ow� eld/� ow� eld plus electric � eld
i = number of considered torch inlet (i = 1

corresponds to central injection)
L , R = indicates reconstructedvalues to the left and

the right, respectively, of a given cell edge
l = loops over all cells appearing in the

computational stencil
R, I = indicates the real and imaginary parts,

respectively, of the electric-� eld amplitude E
wall = indicates properties of quartz tube wall
z, r, h = in the axial, radial, or azimuthal directions,

respectively

Superscripts

F̃ = indicates that numerical stabilizationhas been
added to the discrete convective � ux F

J̃ = indicates an approximation to the Jacobian
matrix J

n = indicates a step in the iterative procedure
T = transpose of indicated array
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Introduction

I N a high-pressureinductivelycoupled plasma (ICP) torch, a gas
is heated in an electrodelessmanner to a plasma with peak tem-

peratures of » 10,000 K. The gas, usually at atmospheric pressure,
is injected into a quartz tube surrounded by a copper inductor. A
radio-frequencyelectrical current runs through the inductor and in-
duces a secondary current through the gas inside the quartz tube,
which heats up by means of ohmic dissipation. Figure 1 shows a
small atmospheric argon ICP torch in operation. Inductive plasmas
are used in a wide varietyof industrialandscienti� c applications.1 In
the aerospace industry, air ICPs at relatively high pressuresof 0.01–

0.1 atm are used to test thermal protection systems for atmospheric
(re)entry vehicles.2 , 3 High-pressureICPs are close to thermochemi-
cal equilibrium, in contrast with low-pressure inductive discharges,
in which nonequilibriumprocesses play a dominant role.4

In the three decades since the � rst two-dimensional model of
Miller and Ayen5 appeared, considerable progress has been made
in the modeling of high-pressure ICPs.6 Milestones in this � eld are
the models of Boulos,7 Mostaghimi et al.,8 and McKelliget.9 The
elegant formulation of the time-averaged axisymmetric magneto-
hydrodynamic(MHD) equationsdevelopedby these authors under-
lies the majority of contemporary high-pressure ICP models. The
modeling of low-pressureICPs has been progressingtoward similar
pseudosteadyaxisymmetric MHD formulations (see Ref. 10), even
though the physics involved differs considerably.

Althoughquite accurateand physicallyrelevant, the currenthigh-
pressure ICP models still require a lengthy iterativeprocessfor con-
verging. The discretized equations are solved in a sequential man-
ner, which considerably slows down convergence.Underrelaxation
needs to be applied to ensure the stability and the convergenceof the
numerical procedure. A large number of semi-implicit iterations is
needed to converge; at each iteration, thermodynamicand transport
property models need to be reevaluated. When complex mixtures
such as 11-species air are simulated, the evaluationof these models
becomes a major cost. To keep computational times reasonable, it
is then desirable that the model converge in a minimal number of
iterations.

This contributionaims at improving the computationalspeed and
accuracy of the existing high-pressure ICP models, rather than in-
troducing new physics. It is argued that, provided the electric � eld
is properly discretized, powerful iterative methods may be applied
to speed up numerical calculations.A robust Picard method may be
used to obtain a � rst, approximate solution. Thereafter, a Newton
method may be used to converge rapidly to machine accuracy.Most
high-pressure ICP models rely on classical staggered-mesh incom-
pressible � ow solvers.11 As an alternative, an easily programmable
pressure-stabilization approach12 has been used in the presentstudy.

Governing Equations
Axisymmetric Local Thermodynamic Equilibrium Model of the Torch

The torch is modeled by a fully axisymmetric con� guration
(Fig. 2). To this end, the outer inductor is representedby a series of
parallel current-carrying rings. For simplicity, the current rings are

Fig. 1 Small ICP torch in operation (von Kármán Institute minitorch,
argon, 0.5 g/s, 45-deg swirl, 1 atm, 3 kW, 27 MHz).

assumed to be in� nitely thin. The plasma is considered to be in a
state of local thermodynamic equilibrium (LTE). This approxima-
tion holds if the operating pressure is not too low13 and the oper-
ating frequency is not too high.14 As Reynolds numbers are rather
low ( » 500), the � ow� eld is taken to be laminar. These assumptions
enable us to considerablysimplify the governingequations15 and to
focus on the numerical aspects of the model.

MagnetohydrodynamicInduction Equation
All electromagneticphenomenamay be expressed in terms of the

azimuthal electric � eld, which consists of a single Fourier mode:

E = E exp(i2 p f t )eh

where f represents the operating frequency of the torch. To take
into account phase differences within the plasma, the electric-� eld
amplitude E stands for a complex variable. The electric-�eld am-
plitude can be shown to satisfy the following fully resistive MHD
induction equation, both inside the torch and on a far-� eld domain
that covers the space around the torch16:
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where the Dirac d distribution on the right-hand side takes care of
the singular current density in the (in� nitely thin) inductor rings.
For the radio-frequency currents used in high-pressure ICPs, it is
reasonable to assume that a single coil current with amplitude IC

oscillates at phase angle zero through each coil ring.10

Local Thermodynamic Equilibrium Flow� eld Equations
The radio-frequency electromagnetic � eld generates small os-

cillating perturbations on all � ow� eld quantities. When the � ow
equationsare averaged in time, a quasi-steady� ow� eld formulation
similar to the Navier–Stokes equations is obtained. In the momen-
tum equation, a time-averagedLorentz force appears; in the energy
equation a time-averaged joule heating source term appears.

The continuity, momentum, and energy equation are cast under
an axisymmetric conservative form:

@r F c

@z
+

@rGc

@r
=

@r Fd

@z
+

@rGd

@r
+ S (2)

The convective � uxes F c and Gc are given by

F c = [q u, q u2 + p, q uv, q uw , q uh]T

G c = [q v , q vu, q v2 + p, q vw , q vh]T (3)

The contributionof kinetic energy to the enthalpy may be neglected
at operating pressures greater than 0.01 atm, for which inductive

Fig. 2 von Kármán Institute minitorch geometry and operating con-
ditions used for the numerical simulations.



236 VANDEN ABEELE AND DEGREZ

plasma � ows are characterized by low Mach numbers (<0.3). The
diffusive � uxes Fd and Gd are given by

Fd = [0, s zz , s zr , s z h , qz]T , Gd = [0, s r z , s rr , s r h , qr ]T (4)

The shear stresses s i j may be further expressed as
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The conductiveheat � uxes are given by

qz = K
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(6)

The contribution of viscous dissipation is much smaller than the
effect of thermal conductionand has thereforebeen neglected in the
energy equation. The source term S is given by

S = [0, r Fz , p + q w 2 ¡ s r + r Fr , ¡ q vw ¡ s h , r Pjoule ¡ r Prad]
T

(7)

The remaining shear stresses s r and s h may be expressed as
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With the real and the complex parts of the electric-� eld amplitude
indicated by E R and E I , respectively, the time-averaged Lorentz
forces Fz and Fr are written as
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Finally, the time-averaged joule heating source term is given by

Pjoule = ( r /2)( E2
R + E2

I ) (10)

Most ICP models assume,for mathematicalconvenience,that radia-
tion is opticallythin.7 Radiative lossesmay thenbe modeledthrough
a straightforward loss term Prad in the energy equation.

Boundary Conditions
Electric Field

The electric � eld should be zero on the axis and at in� nity:

E(z, 0) = 0, E (z, 1 ) = 0, E(§1 , r) = 0 (11)

Flow�eld
At the torch axis, symmetry of the solution is imposed:
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The torch outlet is taken as corresponding to a discharge in an am-
bient space:

p = pA ,
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= 0 (13)

On the quartz tube inner surface, no-slip boundary conditions are
imposed and the temperature is obtained when heat � ux continuity
is imposed at the plasma/quartz interface:
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The � owis injectedin an annularmannerthroughvariousinlets,situ-
ated at radial positionsof Ri ¡ 1 < r < Ri . For torcheswithout central
injection, an adiabatic no-slip condition is imposed at r < R0. The
axial inlet momentum Q i is to be calculatedfrom a given total mass
injection rate. The model allows for an azimuthal inlet momentum
component, which is taken to be a swirl number Si times the axial
inlet momentum. This translates into the following inlet boundary
condition:

r < R0: q u = 0,
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= 0,

@T

@z
= 0

Ri ¡ 1 < r < Ri : q u = Q i , q v = 0, q w = Si Q i
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Physical Modeling
LTE plasma thermodynamicpropertiesare computed from statis-

tical thermodynamics,andplasmatransportpropertiesare computed
with the method of Chapman and Enskog (see Ref. 17). Optically
thin radiative losses may be included in curve-� tted form, based
on experimental or theoretical results.18 It is common practice to
disregard optically thick radiative losses.7

We have not found any justi� cation for the assumption of an op-
tically thin plasma. Dresvin et al.19 state that both optically thin
and thick radiation need to be taken into account; however, an ade-
quate modeling of optically thick radiation appears to be very dif� -
cult. Fortunately, radiative losses decrease strongly with pressure18

(Prad » n2
e ). As the � nal result of our work will be a model of the

air ICPs at subatmosphericpressures (0.01–0.1 atm) used for atmo-
spheric (re)entry simulations,2, 3 no attention has been paid to an
improved modeling of radiation. Radiative effects are expected to
be negligibly small at such pressures.18

Discretization Procedure
Finite Volume Method

Equations(1–15)arediscretizedwith a conservativecell-centered
� nite volume method12 on two different structured meshes. The
� ow� eld is discretized on an inner mesh of ni cells in the ax-
ial direction and n j cells in the radial direction. The � ow vari-
ables in cell (i, j ) are stored in an array Ui j = ( p, q u, T )i j . The
total set of discrete � ow variables is contained in a vector U =
{Ui j ; i = 1, . . . , ni ; j =1, . . . , n j }.

The electric � eld is discretized on a far-� eld mesh, which co-
incides with the inner mesh inside the torch but extends into the
space surrounding it. Similarly, electric-�eld variables are stored
cellwise in arrays Ei j . The total discrete electric � eld is contained
in a vector E. Finally, a vector Q containing both the � ow� eld and
the electric-�eld values is introduced: Q = (U, E).

A straightforwardcentral discretizationensures numerical stabil-
ity for the Helmholtz-type induction equation and for the viscous
� uxes Fd and Gd . A second-order� ow� eld method is obtainedwith
a total variationdiminishing(TVD) reconstructionin the discretiza-
tion of the convective � uxes F c and Gc (Ref. 20). Slope limiting
needs to be applied in the reconstructionof only the energy � uxes;
for the continuity and the momentum � uxes, the unlimited second-
order scheme is found to be stable.

Pressure-Stabilized Flow� eld Solver
High-pressure ICPs are characterized by low Mach numbers

(<0.3) and may thereforebe consideredincompressible,in the sense
that density hardly varies becauseof pressurevariations in the � ow-
� eld (= compression). However, most of the traditionalapproxima-
tionsof incompressible� ow (e.g., r ¢ u =0) do not apply, as density
changes dramatically because of the strong temperature variations
in the plasma.The vast majorityof ICP modelswe have encountered
so far rely onclassicalSIMPLE-type incompressible� ow solvers,in
which velocity vectors are representedon a dual, staggered mesh.11

A more straightforward pressure-stabilized solver on a collocated
mesh12 , 21 is proposed as an alternative here.

Pressure wiggles are eliminated in a conservativemanner when a
small dissipative pressure term is added to the convective � uxes F c

and G c. Considera cell edgenormal to the z direction.Reconstructed
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� ow� eld variables to the left and the right of the edge are written as
UL and UR , respectively; average reconstructed values on the edge
are written as UE = (UL + UR) / 2. The pressure-stabilizedmass � ux
f̃m in the z direction is given by

f̃m = ( q u)E ¡ ( K / b )( pR ¡ pL) (16)

where b stands for an estimated maximal velocity in the � ow� eld.
The factor K is needed to scale the pressure dissipation properly in
regions of low cell Reynolds numbers:

K V =
Re D z

1 + ReD z
, Re D z =

q b D z

l
(17)

Thus, the following stabilized convective � ux vector F̃c is found:
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Upwind stabilization has been added to the discrete momentum
and energy � uxes. Note that the modi� ed mass � ux f̃m appears
in all � uxes. The method can be easily extended to a modern vis-
cous preconditioning method, valid within a wide range of Mach
numbers.22, 23

Electric-Field Formulation
To our best knowledge, McKelliget9 � rst introduced the accurate

two-dimensional electric-�eld formulation used in the vast major-
ity of current high-pressure ICP models. The complete induction
equation (1) is solved in the interior of the torch. Every cell in the
computational domain is considered as an (in� nitely thin) current-
carrying loop. The electric-� eld amplitude at each boundary cell
is obtained by adding up the contributions of the outer coil rings
and all cells in the computational domain. Although mathemati-
cally elegant, this integral boundary procedure is computationally
expensive, as it couples every boundary cell to all interior cells. It
thereby leads to a nonsparse linear system, which cannot be solved
ef� ciently with state-of-the-artiterative techniques.24

The electric-� eld formulation used here differs from the integral
boundary approach in two points. First, when the electric � eld is
solved on a far-� eld mesh, the expensive integral boundary condi-
tion can be replaced with the simple far-� eld boundary conditions
(11), such that the electric-� eld problem takes a sparse form. Sec-
ond, singularities near the coil rings are avoided by solving for
the plasma-inducedelectric � eld rather than the total electric � eld.
Surprisingly few researchers have applied the far-� eld approach to
high-pressure ICP modeling.16 On the other hand, far-� eld formu-
lations are widely used in low-pressure ICP models.10 , 25

The electric-� eld amplitude E is split in a singular part induced
by the outer inductor rings EV and a nonsingular plasma-induced
part E P :

E = EV + E P

An analyticalform for theelectric� eld inducedbya single,in� nitely
thincurrent-carryingloopcanbederivedfrom theBiot–Savart law.26

The vacuum-� eld amplitude EV is then calculated by adding up
the contributionsof the discrete coil rings constituting the inductor.
Inductionequation(1) is rewrittenunder the followingregular form:
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As the electrical conductivity r is zero in the entire space outside
of the plasma torch, the singularity in EV does not affect Eq. (19).

Iterative Strategy
Picard Method

A highlyrobustiterativetechniquesimilar to theapproachestaken
in traditional models is recommended during the initial iterations
of the model. The electric � eld and the � ow� eld are treated in a
decoupledmanner. The overall electric-�eld intensity is adjusted at
each iteration such that the power dissipated into the plasma stays
constant. The � ow� eld is updated with a robust Picard iterative
method, which remains stable at each iteration. Underrelaxation is
applied to enhance stability and convergence.

Electric-Field Solution
For a given � ow� eld, the electric � eld is updated by solving

Eq. (19) on the far-� eld domain. The electric-�eld residual at itera-
tion n is written as Rn

E ; a new electric-� eld value En + 1 is obtained
by the solution of a sparse linear system on the far-� eld mesh:

J n
E (En + 1 ¡ En ) = ¡ Rn

E (20)

where J n
E is referred to as the electric-� eld Jacobian.

When an ICP model is run for a � xed value of IC , the power dis-
sipated in the plasma is often found to decrease with each iteration,
until eventually a room-temperature solution is obtained. Boulos7

solved this problem by instead running his model for a � xed power
P0 dissipated into the plasma (see also Ref. 27). The linearity of
Eq. (1) implies that E is directly proportional to the current in the
outer inductor IC . Hence the joule heating source term of Eq. (10)
depends in a quadratic manner on IC . One therefore � rst updates
E with Eq. (20) and calculates the total power dissipated into the
plasma Pt . Next, the electric � eld and the coil current are multiplied
by a factor c , where

c 2 = Pt / P0

Only thereafter, the Lorentz forces [Eqs. (9)] and joule heating rate
[Eq. (10)] are computed in each cell of the numerical domain.

Flow� eld Solution
During the initial iterations, severe problems of numerical insta-

bility arise in the large temperature gradient regions near the torch
inlet. A positive � ow� eld solution procedure is then very useful.
The � ow� eld values in a cell (i, j ) are connected to neighboring
cell values by the discretized convective and diffusive terms:

Ui j = R l clUl (21)

where l runs over all neighboring cells. One easily shows that for a
� rst-order upwind discretizationof the convective terms, a positive
scheme is obtained,11 such that 0 ·cl ·1. The � ow� eld values in
each cell are a convexaverageof the values in the neighboringcells.

For a given value for the electric � eld E , the � ow� eld problem
may now be expressed in a matrix form, inspired by the earlier
positive stencil of Eq. (21):

JP (U n + 1 ¡ U n ) = ¡ Rn
U (22)

The right-hand vector Rn
U stands for the � rst-order � ow� eld resid-

ual at time step n and depends on the electric � eld. Suppose that an
intermediate solution U n has been obtained. One may obtain new
solutionU n + 1 by � rst evaluating JP and Rn

U with the solutionat step
n, and then solving system (22) for D U =U n + 1 ¡ U n . The positiv-
ity of the � rst-orderdiscretizationguaranteesthe numericalstability
of this procedure.When instead the second-orderdiscretization for
Rn

U is used in combination with the � rst-order expression for JP ,
it is found that the TVD properties of the higher-order scheme still
guarantee numerical stability.

Sparse Linear System Solution
Sparse linear systems (20) and (22) are solved with the gener-

alized minimal residual (GMRES) iterative scheme, which is well
suited for the systemswith mixed typesof eigenvaluesfound here.28
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Damping, Underrelaxation
The Picard method usually does not convergeunless some damp-

ing is brought into the � ow� eld solution step. This is done at the
linear level by damping the � ow� eld entries in the Picard matrix.
The block diagonal D{J n

P } is enlarged as follows:

D{J n
P} ! D{J n

P }(1 + 1/CFL)

where the CFL parameter is not unlike the well-known Courant
number used in time-stepping methods.20 CFL numbers of » 100
are found to work well on � ne meshes. Furthermore, the nonlinear
convergence rate was found to improve when the � ow� eld update
D U was multiplied by a global underrelaxationfactor of 0.5.

Newton Method
Although very robust, the Picard method often convergespoorly.

Once an intermediate solution has been obtained with this method,
it is thereforeproposed to continuewith Newton’s iterativemethod.
It can be shown that, provided a suf� ciently good initial solution is
used, Newton’s method converges to the � nal solution in a rapid,
quadratic manner.

Given an intermediate solution for the � ow� eld and the electric
� eld Qn , a better solution is found by solving the following linear
system:

J n
Q(Qn + 1 ¡ Qn ) = ¡ Rn

Q (23)

where Rn
Q = (Rn

U , Rn
E ) stands for the combined � ow� eld and the

electric-�eld residual at step n. The Jacobian J n
Q takes the following

global block structure:

J n
Q = [ J n

U J n
U, E

J n
E ,U J n

E ] (24)

where the diagonal entries are given by the decoupled � ow� eld and
electric-�eld Jacobians:
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and the off-diagonal entries represent the following cross deriva-
tives:
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J n
Q can be obtained numericallyby performing � nite differences.

From a programmer’s standpoint, however, the evaluation of the
cross-derivativeterms is far from obvious.Moreover, the evaluation
of the � ow� eld Jacobian J n

U is expensive and memory consuming
when a second-order accurate discretization is used. Whereas for a
� rst-order discretization only the nearest neighbors of each cell in
the domain need to be considered when the Jacobian is computed,
for a second-order discretization the stencil is enlarged to the next
neighbors.

Approximate Newton Method
The second-order � ow� eld Jacobian may be approximated by

the � rst-order Jacobian J̃ n
U . In addition,one could neglect the cross-

derivative entries, such that the � ow� eld and the electric � eld are
updated in a decoupledmanner, as was done for the Picard method.
The following approximate Newton method is thus obtained:

J̃ n
Q(Qn + 1 ¡ Qn ) = ¡ Rn

Q (25)

where no approximationshave been used in the residual expression
Rn

Q . The approximate Jacobian J̃ n
Q is given by

J̃ n
Q = [ J̃ n

U 0

0 J n
E

] (26)

Although the ef� ciency of a full Newton method is lost as a con-
sequence of these simpli� cations, the approximate Newton method
alreadyperformssubstantiallybetter than thePicard method.Damp-
ing and underrelaxationprocedures similar to those outlined for the
Picard method can be applied to enhance the convergence and ro-
bustness of the approximate Newton method.

Full Newton Method
A fullycoupledNewton methodcanbe implementedin a straight-

forward manner, by exploiting the fact that the GMRES algorithm
uses the full Jacobian expression J n

Q only in matrix–vector prod-
ucts. These may also be computed through � nite differences of the
complete, second-order accurate residual:

J n
Q V = (1/²)( RQ {Qn + ²V } ¡ RQ {Qn}) (27)

where V stands for any vector appearing in a matrix–vector multi-
plication in the GMRES solver and ² is a small number. Thus, when
the linear algebra method involved is suitably modi� ed, the calcu-
lation of a full second-order accurate Jacobian [Eq. (24)] involving
cross derivatives is avoided. Instead, at each iteration of the linear
solve, one residual evaluation [Eq. (27)] needs to be performed.

The modi� ed GMRES algorithm still requires an approximation
of the Jacobian matrix, which is used to preconditionthe linear sys-
tem; a good preconditioningmatrix is essential for the ef� ciency of
Krylov subspace methods.28 The approximateNewton Jacobian J̃ n

Q
is found to be an effectivepreconditioner.Note that the reevaluation
of computationallyexpensive thermodynamicand transport models
in each GMRES step [Eq. (27)] may be avoided if clever use is
made of the derivatives of these models, which have already been
obtained while the approximate Jacobian was being computed.

Source Term Linearization
It is known that strongly positive source terms, such as the joule

heating term [Eq. (10)], should be treated with care.11 With an ex-
plicit treatment of the joule heating term, the approximate Newton
method is found to work very well on a wide range of calculations.
This comes down to neglecting the temperature dependence of the
electrical conductivity r when computing the approximateNewton
Jacobian [Eq. (26)].

At the nonlinear level, the fully coupled Newton method con-
verges signi� cantly faster than the approximate Newton method
only if all terms, including the joule heating source term, are treated
implicitly. It should be noted that the gain in convergence at the
nonlinear level may then be offset by a slowdown at the linear level,
as the linear system (23) to be solved by the GMRES algorithm is
poorly diagonally dominant. Powerful preconditioning techniques
are needed to overcome this problem (see the next section).

Evaluation of the Model Performance
The model has alreadybeen validatedon an argon ICP test case29

set up in collaboration with other researchers developing a similar
code.30 Here, the numerical qualities of the model are evaluated by
calculations for a 3-species argon and an 11-species air ICP torch
at an operating pressure of 1 atm.

Torch Geometry and Operating Conditions
The torch geometry and operating conditions used for the sim-

ulations are shown on Fig. 2; they correspond to the von Kármán
Instituteminitorchof Fig. 1. The inner and the far-� eld meshes used
for the calculations (Fig. 3) were generated with a simple algebraic
mesh generator.The inner mesh contains 86 £ 32 cells; the far-� eld

Fig.3 Mesh used for the numerical simulations(part aboveaxis): inner
mesh, 86 £ £ 32 cells; and far-� eld mesh, 100 £ £ 58 cells.
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mesh contains 100 £ 58 cells. All presented results are of second-
order accuracy. Calculationson � ner meshes29 differ by » 1% from
the results shown here.

The electric current in the inductor is known to � ow mainly in
the part of the coil rings located near the plasma.31 The in� nitely
thin current rings representing the inductor are therefore taken to
coincide with the inner radius (r = 19 mm) rather than with the
center radius of the actual coil rings. For the argon calculations, the
optically thin radiative losses calculated by Wilbers et al.18 were
included. For the air calculcations,no radiative losses needed to be
taken into account as temperatures remained relatively low.19

Convergence Analysis
Computations were performed on an up-to-date workstation

(235 M� ops). The GMRES solver and various preconditioning
methods were provided by the AZTEC linear algebra package,
which is availablefree for academic use.32 For all iterativemethods,
the GMRES solver was used with a Krylov subspace dimension of
50 and a linear convergencethresholdof 10 ¡ 3. For the Picard and the
approximateNewton methods, a BILU(0) preconditionerwas used;
» 20 Mbytes of storage was required. For the full Newton method,
a very powerful BILU(3) preconditioner was needed to overcome
linear convergence problems caused by the joule heating source
term. Although the true memory used for the method was large
but still reasonable (62 Mbytes), the current version of AZTEC ap-
peared to allocate a considerableamount of largely unused memory
(215 Mbytes) by default when BILU(k > 0) preconditioners were
used. It is hoped that more economic preconditionerswill become
available in the near future.

Figure 4 shows the convergence histories obtained for the argon
and air cases. All calculations were run at a � xed operating power.
In both cases, � ve initial iterations were performed with Picard’s
method for a CFL numberof 100 anda globalunderrelaxationfactor

Argon calculations

Air calculations

Fig. 4 Convergence histories of the calculations.

of 0.5. Usually a good intermediate solution was obtained after just
a few Picard iterations when the following set of initial conditions
was used27:

E0 = EV , U 0 = {pA , 0, 0, 0, TA + (10,000 ¡ TA)[(R ¡ r) / R]}
(28)

where R stands for the inner radius of the quartz tube.
When calculations were continued with Picard’s method for the

same CFL number and underrelaxationfactor, convergencewas no
longer satisfactory.For the argoncase, it is seen that the methodcon-
verged in an irregular manner. Approximately 560 iterations were
needed to converge 10 orders of magnitude; this corresponds to
90 min of CPU time. For the air case, the Picard method produced
an oscillating solution, without converging any further. Although
the Picard method was shown to be stable, one cannot prove that it
should converge for general nonlinear problems. We often needed
to play around with underrelaxationparameters to make the Picard
method converge on the highly nonlinear ICP problems considered
here. It is thought that ICP models solving various sets of equa-
tions in a sequential manner may suffer from similar convergence
problems.

As an alternative, calculations were continued with the approxi-
mate Newton method, for an increased CFL number of 1000 and,
again, a global underrelaxationfactor of 0.5. Excellent convergence
was found for both the argon and the air case. Approximately 120
iterations were needed to converge 10 orders of magnitude, corre-
sponding to 33 min of CPU time for the argon case and 92 min of
CPU time for the air case. For the argon case, a speed-up factor of
almost 3 is found. For the air case, it is seen that the approximate
Newton method still convergeswell where the Picard method fails.

When the CFL number was increased beyond 1000, the conver-
gence rate of the approximateNewton method did not increase any
further.Therefore the full Newton methodwas switchedon once » 2
orders of magnitudeconvergencehad been obtained.Rapid Newton
convergence was found for both the argon and the air case. Ob-
viously, one full Newton iteration costs more CPU time than an
approximate Newton iteration. However, this was more than com-
pensated for by the fact that only 8 full Newton iterations were
needed to converge down to more than 11 orders of magnitude.

For the argon case, 18 combined Picard and Newton iterations
were needed to converge, corresponding to » 9 min of overall CPU
time. This is almost 4 times faster than when the approximate
Newton method is used and 10 times faster than when the Picard
method is used. For the air case, 23 combinedPicard and Newton it-
erationswere needed, correspondingto only 22 min of overall CPU
time. Compared with the approximate Newton method, a speed-up
factor of more than 4 is found.

Flow, Temperature, and Electric-Field Results
Figure 5 shows the computed temperature contours and stream-

lines for the argon case. Peak temperaturesof » 10,000 K are found
at an off-axis position. The plasma is heated in a narrow skin layer
close to the torch wall. Radiative losses cool the plasma around the
torch axis where no joule heating takes place, causing maximum
temperatures to shift farther away from the axis. The clockwise re-
circulationsseen in the � ow� eld are caused by both viscousentrain-
ment and by the radially directed Lorentz forces in in the inductor
region.7 Because of the swirling � ow injection, centrifugal forces
cause the clockwise recirculations to lift away from the axis and
give rise to a secondary, counterclockwiserecirculation.

Figure 6 shows the computed temperature contours and stream-
lines for the air case. In molecular gases, a considerable amount
of energy is needed to dissociate molecules before ionization oc-
curs. This explainswhy much lower peak temperaturesof » 8000 K
are found for the air calculations.Because of the absence of radia-
tive losses, peak temperatures appear close to the axis. Calculations
of other researchers for comparable � ve-species nitrogen plasmas
yield similar temperature � elds.33

Figure 7 shows the computed total electric-�eld amplitude E P +
EV for the argon case. A pattern similar to the one obtained by
Yang et al.34 is found. Axial variations are seen to be relatively
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Temperature contours (in degrees Kelvin)

Streamlines

Fig. 5 Argon ICP torch.

Temperature contours (in degrees Kelvin)

Streamlines

Fig. 6 Air ICP torch.
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Fig. 7 Argon ICP torch: contours of total electric-� eld amplitude (in volts per meter).

Fig. 8 Air ICP torch: contours of total electric-� eld amplitude (in volts per meter).

important; this supports the use of the accurate two-dimensional
electromagnetic-�eld formulation (19) rather than a simple one-
dimensional formulation.30 The sudden bend in the isolines near
the torch outlet is caused by the neglect of ionization beyond the
outlet. Figure 8 shows the computed electric-� eld amplitude for the
air case. Because of the higher operating power used, the electric
� eld is considerably stronger than that for the argon case. Because
of the low temperatures, electrical conductivities in the plasma are
low and the overall electric � eld E is close to its vacuum value EV .

Conclusion
The presented ICP model aims at improving the accuracy and

ef� ciency of the existing high-pressure ICP models. New dis-
cretization techniqueswere suggested for both the � ow� eld and the
electromagnetic-�eld equations. Powerful iterative methods were
proposed to solve the nonlinear system of discretized equations in
an optimal manner.

The governingequationsarediscretizedwith a cell-centered� nite
volumemethod.A second-orderTVD discretizationis used to stabi-
lize convectiveterms in the � ow� eld equations.The low Mach num-
ber � ow � eld is computed with a modern pressure-stabilizedsolver
on a collocated mesh, rather than with a traditional staggered-mesh
solver. A small dissipative pressure term is added to the otherwise
centrally discretized mass � uxes in the continuity equation. Con-
vective momentum and energy � uxes need to be discretized in a
manner consistentwith the modi� ed mass � uxes.

The two-dimensional electric � eld is solved for on a far-� eld
mesh, which coincides with the � ow� eld mesh inside the torch, but
extends into the surroundingspace. Thus, the electromagnetic-�eld
problem takes the form of a sparse linear system, which can be
solved ef� ciently by means of state-of-the-art iterative methods.

Various iterative solution strategies have been implemented and
tested. During the initial iterations, in which numerical stability is
the main concern, the electric � eld and the � ow� eld are updated
in a decoupled manner by a robust Picard method. Linear systems
are solved with a preconditioned GMRES algorithm. Once an ac-
ceptable intermediate solution has been obtained with the Picard
strategy, calculations are continued with an approximate Newton
method in which electromagnetic/� ow� eld coupling terms in the
Jacobian matrix are still neglected. Finally, after a few approxi-
mate Newton iterations, the calculation can be continued with a
fully coupled Newton method, in which the matrix–vector products
in the GMRES algorithm are computed with a Jacobian-free � nite
difference approximation.

The performanceof the new model was evaluated through calcu-
lations of an LTE argon and air inductive plasma. Provided a good
initial solution was chosen, � ve iterations with the Picard method
were suf� cient to obtain a rough intermediate solution. Although
of great help in the initial iterations because of its robustness, the
Picard method did not converge well in the subsequent iterations.
When the calculation was continued with the approximate Newton
method,however,excellentconvergencewas found; » 120 iterations
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were needed to converge 10 orders of magnitude. Once a reason-
ably good intermediatesolution had been obtained, the full Newton
method could be used to converge in a rapid, quadratic manner;
only eight full Newton iterationswere needed to reach more than 11
orders of magnitude convergence. The fully coupled method con-
vergedfour times quicker than theapproximatemethodand10 times
quicker than the Picard method.

The proposed full Newton method was found to converge sig-
ni� cantly faster at the nonlinear level only if the joule heating
source term was taken into account implicitly. A highly memory-
consuming BILU(3) preconditioner was needed to overcome as-
sociated convergence problems at the linear level. It is hoped that
more economic preconditioning techniques will become available
in the near future. We always managed to converge in reasonable
CPU times with the approximateNewton method.Consideringboth
the speed of convergence and the use of memory, the approximate
Newton method may therefore be considered optimal.
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